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SUMMARY

The distribution of standardised ML estimate of mean in bivariate normal sample with
monotone pattern of missing data is considered and compared with the distribution
of standardised complete case estimate. The plots of pdf’s and calculations of cdf’s
are given for chosen small sample sizes.

KEY WORDS: bivariate normal distribution, missing data, maximum likelihood esti-
mate.

1. Introduction

Let us assume that the joint distribution of random variables (X,Y) is normal with
unknown mean p = |4, Hz]/ and variance-covariance matrix
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Suppose we have paired observations {(z;,y;),i =1...m} on both variables X and

Y and k additional observations {z;,i =m+1,...,m+k} on X alone. It means
we have “monotone pattern of missing data” (Little and Rubin, 1987). Let us also
assume that “missing data” {y;,i =m +1,...,m + k} are missing completely at ran-

dom (Rubin, 1976). Maximum likelihood estimate (MLE) of i, is of the form
iz = Yo+ B (X = Xo),

— +k Z i=1\Ti i
Where},() = ';l' ’L’_l Yi, XO = L 21_ .’L’z, = m,+k Zm T, ﬁ Zfrfl(zz )}({’_’Jo) )

The “complete case” estimate of u,, ignoring additional observations on X, is 115 = Yp.
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It is known (Morrison, 1971) that 7, is an unbiased estimate of 1o With variance

2
o
Var(ig) = 214+ ———— (1 — p2(m —2)).
So, assuming m > 3, ML estimate has got less variance than “corEplete case” estimate
iff p* > L. Little (1976) investigated the distribution of ——F2=#2 in order to

Vesyvar(fi; —p,)

establish the approximated procedures for confidence intervals and testing hypotheses
concerning f,.

Now we are interested in comparison of distributions of standardised MLE and
“complete case” estimates, it means EGL;‘Z and )—/‘%2 Our special interest is in small
sample size.

2. Results

Because ZYm-1(6-6) tm-1 (Cramer,1966), we have Bo; = o2p + o9 /122 ¢,

a2 /l_pz m—1
where t ~ t,,_; (Student’s ¢ distribution with m — 1 df). So, W = 272 can be
written as

Yo — k 1—p? X -X
W = 20" Ko p t)- 1 0

g9 +m—l~k(p+ m—1 o1

3

where X; = L 5% 2. Thus W can be expressed as

W=Vt 122 1)z
- P m—l )

where (V,Z) and ¢ are independently distributed,

t~tmoy
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The probability density function (pdf) of W can be found by integrating f(w) =
ffooo g(w | t)h(t)dt, where h(t) is pdf of ¢,,_; and g(w | t) is pdf of normal distribution
with mean 0 and variance L + ﬁm(tﬂn—j% - p?).

The pdf function f(w) for chosen values of m, k,p was calculated by means of
MAPLE V Release program. Plots are given in the figures 1 and 2 (for w > 0 only
because f(w) is symmetric at zero).

The cumulative distribution function (cdf) F(w) of random variable W is given
by double integral.
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Fig. 1. The pdf’s of A: Y-tz B: Btz 2 = (; C: B2, p? = 0.5. m=k=5.
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Fig. 2. The pdf’s of E}%z.’pZ = 0.5 for m = 5 and (from bottom to top), k = 0,5,10,15.

A good practical measure of the precision of the estimate 15 can be its relative
error | —2——2ﬂ1 |. Exactly speaking, the probability that the relative error does not
exceed an admissible value € can be a good measure of accuracy.

For a certain € we have Pr(| ﬁz——“i |< €) = 2F(5;57) — 1, where vy is the coefficient

of variation £* 22, For the “complete case” estimate of y, we have Pr(| —Y—O—Z |<e) =
2@(-,3C — 1, where ®() is cdf of standard normal distribution. So, [ is superlor to

Y, under relative error as the criterion, when F( !wl) > <I>( A ). For sufficiently large
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values of p?, estimate T becomes better than Yo. However, it is impossible to give an
analytic formula for such a “critical value” of 0% as it is very complicated function of
IV_ezT’ m and k.

Table 1 gives the values of Pr(| EH_T“Z <€) form =k =5, a7 = 0-1(0.1)1,

p* = 0(0.1)0.9 compared with Pr(| Y"T_Z“z |< €) in the last column. Tables 2 and 3
give the same form =5k =10 and m = k = 10, respectively.

Table 1. Pr(| E“L;‘Z [<e)form=k=5

P 0 01 02 03 04 05 06 07 08 0.9 2&(m)

2]

_lva]

0.1 164 169 .174 180 .186 .193 .201 .210 .920 233 177
0.2 321 330 .340 .350 .362 .374 .389 .405 424 446 345
0.3 465 477 490 504 519 535 .554 575 .508 .625 498
0.4 591 .605 .619 .635 .651 .670 .690 .712 .736 .763 629
0.5 697 711 725 741 758 775 794 815 .837 .860 736
0.6 782795 .809 .823 .838 .854 .870 .887 .905 .923 820
0.7 848 .859 .871 .883 .896 .909 .922 .935 .048 .961 882
0.8 897 906 .916 .926 .935 .945 .955 .964 .973 .081 926
0.9 931 .939 .946 .954 .961 .968 .975 .981 .87 .992 956
1 955 961 .967 .972 .977 .982 .986 .990 .994 .997 975

Table 2. Pr(| Ez‘;—“z |<e€) for m =5,k =10
P’ 0 01 02 03 04 05 06 07 08 09 20(SL) — 1

_Tal

0.1 161 167 .174 182 .190 .200 212 227 245 268 177
0.2 316 .327 .340 .354 .369 .388 .409 .435 .466 .506 345
0.3 458 473 489 508 .529 552 .579 .611 .649 .695 498
0.4 582 .600 .618 .639 .662 .687 .716 .748 .785 .898 629
0.5 687 705 724 745 767 .791 .818 .846 .878 .912 736
0.6 773789 807 .826 .846 .867 .889 .912 .935 .958 820
0.7 839 .854 .869 .885 .901 .918 .935 .952 .968 .982 882
0.8 888 .901 .913 926 .939 .951 .963 .974 .985 .993 926
0.9 924 934 944 954 963 .972 .980 .987 .993 .997 956
1 949 957 964 971 .978 .984 .989 .993 .997 .999 975

It is obvious that for sufficiently large values of p?, increasing the number of addi-
tional observations for variable Y (increasing k) improves the estimate L. However
there exists “the limit” for Pr (| Ez% |< €). These limiting values can be calcu-
lated by taking £ = co in cumulative distribution function F(-). Such values of
Pr(]| E\zﬁz |< €) are given for m = 5 and m = 10 in tables 4 and 5, respectively.
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Table 3. Pr(] EZM_T“Z |<€) form=k =10

75

0 01 02 03 04 05 06 07 08 09 20(52)-1
[va]
0.1 241 247 254 262 .270 .279 .289 .301 .314 .328 .248
0.2 460 471 483 496 .510 .525 .542 .560 .581 .603 473
0.3 .642 655 .669 .684 .699 .716 .734 .753 .774 .796 657
0.4 79792 805 818 .832 .847 .862 .877 .893 .910 794
0.5 874 .884 .894 .905 915 .926 .936 .946 .956 .966 .886
0.6 933 940 .947 .954 .961 .968 .974 .979 .984 .989 942
0.7 967 972 976 .980 .984 .987 .990 .993 .995 .997 973
0.8 985 .988 .990 .992 .994 996 .997 .998 .999 .999 .989
0.9 994 995 996 .997 .998 .999 .999 .999 1 1 .996
1 998  .998 999 .999 .999 1 1 1 1 1 .998
Table 4. Pr(| Ezﬁz |<€) form=5,k— oo
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
lval
0.1 157 .165 175 187 201 220 .245 281 341 .466
0.2 .307 .322 341 362 .389 422 .466 527 619 .780
0.3 .445 .466 .490 .519 .553 .594 .646 714 .805 .926
0.4 .567 591 619 .650 .686 729 .780 .840 .909 976
0.5 .671 .696 723 754 789 827 .870 915 .960 991
0.6 576 .780 .805 .833 .862 .893 926 .956 982 .996
0.7 .823 .844 .866 .889 912 .936 .958 977 991 .998
0.8 874 .891 .909 927 .945 .962 .976 987 .995 .999
0.9 911 .926 .940 .953 .966 977 .986 .993 997 .999
1 .938 .949 960 .969 978 .985 991 .995 .998 1
Table 5. Pr(| EZ#_T”Z |< €) for m =10, k — oo
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
lva|
0.1 .235 .247 .262 279 .301 328 .364 415 .496 .655
0.2 .450 471 .496 .525 .559 .602 .655 724 .817 .939
0.3 630 .655 .683 715 752 794 .842 .896 .952 .994
0.4 7167 .791 817 .845 .875 907 939 968 991 1
0.5 .863 .882 .903 923 .944 .963 .980 992 .998 1
0.6 924 .939 .952 .965 977 .987 994 .998 1 1
0.7 961 970 978 .986 991 .996 .998 1 1 1
0.8 .981 .986 .991 994 .997 .999 1 1 1 1
0.9 991 .994 .996 .998 999 1 1 1 1 1
1 .996 997 .998 .999 1 1 1 1 1 1
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At the end it should be admitted that presented results are rather theoretical.
‘They can be of practical importance only if we have some knowledge, especially about
correlation between X and Y.

3. Example

Consider the situation that we have only five complete pairs of observations (m=5).
Let us assume we know that |v3| > 0.5 and p2 < 0.5. We can not expect that
Pr(]| EZJT"Z |< 0.1) is greater than 0.422 no matter how many additional observations
for Y is taken (see Table 4).
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O poréwnaniu estymatoréw $rednich w dwuwymiarowej prébie normalnej
z monotonicznym ukladem brakujacych obserwacji

STRESZCZENIE

W pracy poréwnano rozklad standaryzowanego estymatora najwiekszej wiarygodno-
§ci éredniej w dwuwymiarowej prébie z monotonicznym ukladem brakujacych obser-
wacji z rozkladem estymatora dla préby kompletnej. Podano wykresy funkeji gestosci
prawdopodobiefistwa oraz obliczenia wartoéci dystrybuanty rozkladéw dla wybranych
malych liczebnoéci préb.

SLOWA KLUCZOWE: dwuwymiarowy rozklad normalny, brakujace dane, estymator
najwiekszej wiarygodnosci.



